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1 Consequences of Analytic Fredholm Theory
1.1 Analytic Fredholm theory
Last time, we were proving the analytic Fredholm theory.

Theorem 1.1 (analytic Fredholm theory). Let Q C C be open and connected, and let
T(z) € L(B1,Bs) for z € Q be a holomorphic family of Fredholm operators. Assume that
there exists a zo € 0 such that T'(z9) : By — B is bijective. Then the set

Y ={z€Q:T(2) is not bijective}
is discrete.

Proof. Let z; € Q. Then there is a neighborhood N(z;) of z; such that for every z € N(z1),

the Grushin operator
_ [ T(z) R-(2)
le(Z) - |:R+(Z) 0

is bijective with the inverse

We claim that for z € N(z1), T(2) : B1 — Bs is bijective <= E_4(z): C" — C™ is
bijective.! Check:

T R, E E+ . 1 0 B B
[R+ 0 ] [E— E_J - [0 1] = TE+R_E_=1TE, +R_E_, =0.

"What we lose from this reduction is that if 7'(z) has some simple dependence of z (e.g. polynomial),
E_4(z) may not have a simple dependence. In some contexts, the operator E_ is called the effective
Hamiltonian.



If E-} exists, then R_ = ~TE;E_1, so
T(E-E_EZ E_)=1.

So T~ 1 exists and
T7(2) = B(2) - By (2)E—y ()" B_(2).

Using that EP = 1,50 E_ER_ =1and E.T+ E_, Ry =0, we get T~! exists = E_
exists.

We get for z € N(z1) that T'(z2) is invertible if and only if det E_ (z) # 0. The function
det E_, (z) is holomorphic on N(z1). So either det E_;(z) = 0, or det E_,(z) # 0 in a
punctured neighborhood of z;. Let Q; = {z € Q : T(2/) is invertible Vz’ # z near z} and
Oy = {z € Q: T(%) is not invertible V2’ # z near z}. Then each ; is open, Q1 U Qy = Q,
and Q1 # @ (as zp € ). Since § is connected, 3 = Q and thus, ¥ = {z € Q :
T'(z) is not invertible} is discrete. O

Remark 1.1. The map 2\ ¥ — £(Bsg, B;) sending z + T'(z)~! is holomorphic. Consider
T(z)~! for z in a punctured neighborhood of w € ¥: We have

T7(2) = B(2) — By (2) B4 ()" E_(2),
where F, E,, E_ are all holomorphic in a neighborhood of w. We have that

holomorphic near w

E_ (2=
+(2) det E_4(z)
so we have a Laurent expansion
_ R_n, R_4
E_ r_ =N 4 Hol
+(2) (z—w)N0+ —i—z_w—i- ol(z),

where 1 < Ny < oo and the R; are of finite rank. Combining these formulas, we get that
2+ T(2)~! has a pole of order Ny at z = w:

A, Ay

(z—w)M T

T(z) " = +Q(z), Q(z) holomorphic near w,

where for 1 < j < Ny, the A_; € L(B2, B1) n be expressed in terms of R_p,,..., R_ and
are therefore of finite rank.

1.2 Application: the residue of the resolvent

Here is an example/special case of the analytic Fredholm theory.



Assume that By C By with continuous inclusion, and let 7'(z) = T'— z for z € 2, where
T is some operator. Assume that 7'(z) is Fredholm for each z and that T'(zo)~! exists for
some 2 € . We get a Laurent expansion for the resolvent (T'— z)~! at w € %:

A_ A_
ﬁ + ot o }w +Q(2), Q(z) holomorphic near w.

(z—T)' =

for 0 < |z —w| < 1.

Proposition 1.1. The operator Il := A_; is a projection’ on By which commutes with T
(on By).

Proof. Integrate the Laurent expansion along 7, = dD(w,r) for 0 < r < 1. Then

We claim that IT2 = II: Let 0 < 1 < 79 < 1, and write

/ / (z T)—ld—z_d—z.
S 21 27

Using Z—T) ' - (z-T)1=EZ-T)"Y2z—2)(z - T)"!, we have

] A EE [ e
o Iy Z—z 21 27 S z—z 2mi 2mi

1
The second term is 0 by applying the Cauchy integral formula on the inner integral.

T2 2

So we get

Remark 1.2. We know that T'(RanII) C RanIl C B;, where RanII is finite dimensional,
and let us check that (T' — 29)|Ran1 is nilpotent:

(T — zp)Il = 271m (T—zo)(z—T)_1 dz
Yr
1 B 1 B
=5 . (T—2)(2-T) 1dz+zm,fyr(z—zo)(z—T) Lz

=0

2This is sometimes called the Riesz projection.



It follows that .
(T — ZU)jH = 2mL (Z — Zo)j(z — T)_l dz.

And if j = Ny, we get (T — 29)MII = 0, as (2 — 29)V°(z — T)~! is holomorphic.
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